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A general method to construct third-order magic cubes and hypercubes i  described. It is 
shown that magic hypercubes of order 3 must be symmetrical nd there are exactly 58 such 
hypercubes in 4-dimensional space, not counting rotations and reflections. 
1. Introduction 
A magic square of order n is a square array of consecutive integers from I to n 2 
arranged so that the sum of numbers in every row, in every column, and in each 
diagonal is the same. This sum is called the magic sum and the numbers which 
add up to the magic sum are said to form a magic series. Such squares were 
discovered in China more than two thousand years ago [4]. It is natural to extend 
these concepts to three and higher dimensions. A magic cube of order n consists 
of consecutive integers from 1 to rt 3, arranged in the form of a cube, so that the 
sum of numbers in every row, every column, every file, and in each of the four 
main diagonals is the same. Magic cubes which are related to each other by 
rotations and/or reflections are said to be equivalent. In 1972, Hendricks [3] 
proved that there are exactly 4 nonequivalent magic cubes of order 3. All these 
cubes are given by Andrews in his famous book [1], although e did not seem to 
realize that they exhaust all possibilities. 
In this paper we prove that every d-dimensional magic hypercube of order 3 is 
symmetrical nd describe a general method to construct hese hypercubes. It is 
shown that our method is exhaustive for d<~4 and there are exactly 58 
nonequivalent hypercubes of order 3 in 4-dimensional space. It is conjectured 
that our method is exhaustive for arbitrary d and there are 2992 and 543 328 
nonequivalent magic hypercubes of order 3 for d = 5 and 6 respectively. 
2. Symmetrical magic hypercube 
A d-dimensional magic hypercube is called symmetrical if any pair of numbers 
symmetrically opposite the center add up to the same value. 
Theorem 1. A magic hypercube of order 3 is always ymmetrical. 
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Proof. For convenience we choose the consecutive integers to be 0, - t -1 , . . . ,  + 
(3 a - 1)/2 so that the magic sum is 0. Each cell of the hypercube is denoted by the 
coordinates (x~, . . . ,  xa), where xi = 1, 0, or -1  and the corresponding integer by 
N(xi). The theorem says 
N(xi) -4- N( -x i )  = O, (1) 
for all values of coordinates. Consider all magic series along main diagonals. The 
total sum is 0: 
2a-iN(0) + ~] N(x~) = 0. (2) 
XlJ...,Xdm"l- X 
The total sum of all magic series along lines parallel to x~-axis is again 0 and we 
have 
or  
~'~ [N(1, x2 , . . . , xa )+N(O,  x2 , . . . , xd)+N( -1 ,  xz , . . . ,  xa)]--O, 
X2,...,Xd=-t-1 
N(x3= - ~ N(O,x~,  . . . , xd) .  
Xl,...,x d= ::t: l x2,.,.,X d=-l-1 
(3) 
Substituting eq. (3) into eq. (2) and using the same argument on xi (i > 1) axes, 
we have 
2~-'N(0)= ~] N(0, x.. . . ,x~) 
X2,...,Xd= ::l:l 
= - ~ N(O, O, x3, . . . .  , xa) 
X3, . . .,X d = "I-1 
= (-)a+XN(O), 
or N(O) = O. 34herefore along main diagonals we have 
(4) 
N(xi) + N( -x~)  = -N(O) = O, 
where x~ ~ 0 for all i. We now prove eq. (1) by method of induction. Let us 
assume that eq. (1) is valid for values of xi such that xi ~ 0 if i >I n. Considering 
magic series along lines parallel to the xn-axis, we have 
Z N(x i )=-N(x i ) [xn=O,  
Xn=+l 
and consequently 
[N(x,) + N(-x,)L,.=o,,,,~,>,,~÷o = - Y~ IN(x,)  + N( -x , ) ]  = O. 
Xn=+ l
Therefore eq. (1) is valid for all x, such that xi ~ 0 if i >t (n + 1). [] 
(5) 
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3. Magic hypercube and Euler hypercube 
A Latin cube [2] of order n is defined as a cube formed by n distinct symbols, 
each occurring n 2 times, so that every row, every column, and every file is a 
permutation of the n symbols. Three such cubes can be superposed to form an 
Euler cube if in their superposition all the n 3 ordered triplets of symbols occur 
exactly once. The concept of Euler cube can be generalized to higher dimensions. 
Consider a d-dimensional Latin hypercube of order 3. The 3 symbols are S 1, S 2 
and $3. Each cell is denoted by the coordinates (x 1, . . . ,  Xd), where xi = 1, 0 or 
-1,  and the corresponding symbol by S(xi). We define 
S(-1, 0 , . . . ,  0)=S1, S(0, 0 , . . . ,  0)= S 2, S(1, 0 , . . . ,  0)=$3. 
There are 2 a-1 Latin hypercubes which are related to each other by rotations 
around the xl-axis. It is convenient to represent the symbols $1, $2, $3 by -1 ,  0, 1 
respectively. Then we have 
d--1 
S(Xi) ~- X 1 + ~ mjxj+ 1 (mod 3), (6) 
j=l 
where each Latin hypercube corresponds one-to-one with a set of integers 
(rnl, . . ,  ma-O,  where mi = + 1. 
Let us consider d Latin hypercubes which are represented by (ml ~), . . . ,  m~_~), 
where ] = 1 , . . . ,  d. The superposed hypercube is an Euler hypercube if and only 
if the following condition is satisfied [2]: 
1 m~ x) m (1)-- .  m(al_)l 
1 . - .  
0 (mod 3). (7) 
1 rnt a) m(2 a) . . .  m(aa)_a 
It is easy to check that there are 1, 4, and 58 Euler hypercubes for d = 2, 3, and 4 
respectively. 
We now describe a general method to construct and count d-dimensional magic 
hypercubes of order 3. The integers are chosen to be 0, :k l , . . . ,  +(3 a - 1)/2 and 
the magic sum is 0. Each integer can be expressed uniquely in the form 
d 
N(x,) = ~ 3J-lAj(xi), (8) 
j=l 
where Aj = 1, 0 or -1 .  Many magic hypercubes can be constructed from a single 
Euler hypercube if we replace the symbols of the jth Latin hypercube by Aj such 
that St =-$3---1 or -1 ,  $2 "-0. Since the symbols along any main diagonal are 
either ($1, Sz, $3) or ($2, S~ $2), the replacement $2=0 guarantees that the 
numerical hypercubes are indeed magic. Since there are d! ways to arrange d 
Latin hypercubes in consecutive order and 2 ways to replace the symbols in each 
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hypercube, each Euler hypercube generates 2ad! magic hypercubes. On the other 
hand, each magic hypercube produces 2ad! equivalent ones by rotations and 
reflections. Therefore the number of nonequivalent third-order magic hypercubes 
constructed by our method is the same as the number of Euler hypercubes. In 
fact, our method is exhaustive for d = 2 and 3 [3]. It is natural to conjecture that 
our method is indeed exhaustive for arbitrary d. We shall prove in the next 
section that our conjecture is valid for d = 4 and explain the difficulty to prove the 
conjecture for d > 4. 
4. Magic hypercube and orthogonal functions 
A d-dimensional magic hypercube of order 3 corresponds one-to-one with a set 
of d orthogonal functions Aj(x~) in d variables over GF(3). It follows from eq. (1) 
that 
Aj (x i )  = -A j ( -x i ) .  (9) 
Each function corresponds to a hypercube which consists of 1, 0, and -1  such 
that each integer appears exactly 3 a-a times. These d functions have the following 
orthogonal properties: In the superposition of k (1 < k ~< d) different hypercubes, 
each of the 3 k ordered k-plets of integers, from (1 , . . . ,  1) to ( -1 , . . . , -1 ) ,  
occurs exactly 3 a-k times. Consequently we have 
Aj(xi)Ak(Xi) = 6jk2(3a-1). 
Xi 
(10) 
The functions Aj(xi) can be represented as polynomials in d variables over GF(3). 
The method described in Section 3 is exhaustive if the following conjecture is 
correct. 
Conjecture. The d polynomials Aj(xi) are all linear and depend on all their 
variables. 
It follows from this conjecture that 
Aj==- ~ a],mX m (mod3), (11) 
m=l  
where aj, m = +1. It is known from linear algebra that these d functions are 
orthogonal if and only ff the determinant of the coefficient detlaj, m] 4~ 0 (mod 3). 
When nonlinear terms are allowed in A j, unfortunately no such simple criterion 
exists to determine whether these d polynomials are orthogonal or not. 
Theorem 2. If the polynomial Ax is linear and depends on all variables, then all 
other polynomials have the same property. 
Magic hypercube 163 
Proof. If A 1 can be expressed in the form (11), then for any three integers which 
form a magic series, we have 
3 3 
Z N(m)= 2 AV)=0"  
m=l m=l 
Consequently 
3 d 3 
2 2 3J -2A(m)= 2 [ N(m) -- A~m)I/3 = 0 
m=l j=2 m=l 
and the following three integers N* also form a magic series: 
d-1 
N*(i)---- Z 3J-IA(/+)I -4- 3aA~ '). 
j=l 
Therefore A 2 =A~ can also be written in the form (11). Repeating the same 
procedure, it is clear that all Aj have the same property. [] 
Lemma 1. 
(k) 
Z N(xi) -" 3d+k-2 > 0, 
where we sum over all x i such that Ak(Xi) = 1. 
(12) 
Proof. Since 
+ 1)/2= A(A 
t 
1 i fA=l  
0 if A=0 or -1 ,  
it follows from eqs. (9) and (10) that 
(k) 
Z Aj(xi) "- 2 AtAk(Ak + 1)/2 = ~ AjAk/2 = (~jk 3d-1. 
Xi 
Therefore we have 
~ N(xi)-- ~ (3J-l~mj) 
j=l 
Xi 
= 3a+k-2. [] 
Theorem 3. Ay(xi) depends on all variables. 
ProoL Without loss of generality, we assume that Aj is independent 
' . . ,  ' suchthatA j (x~. . .  x~)=l .  Then Consider all x2, • xa 
q) 
N(xi) = ~] [N(1, x~, . . . ,  x 9 + N(0, x~, . . . ,  x~) 
xl 
f + N(-1,  x2 , . . . ,  = 0 ,  
since the magic sum is zero. But according to Lemma 1 this is impossible. 
(13) 
of xl. 
[] 
Since 
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Lemma 2. A~(xi) must be linear in each single variable. 
Proof. It is sufficient o prove that A 1 must be linear in x~. Since x 3 = Xl (mod 3), 
the most general form of A1 is 
A1 =-- f (x2,  . . . , Xd)  + xlg(x2, . . . , Xd) + x2h(x2 ,  . . . , Xd)  (mod 3). 
~, N(xi)  = ~, y -1  ~, Aj(xi - 0 for all .42 , . . . ,  xd, 
x1=1,0,  --1 j~ l  x l  
we have 
EN(xi)-=EAl(Xi)~--h(x2,...,xd)~O (mod3). [] 
Xl Xl 
According to this lemma, A1 may contain a term like XlX2X 3 but not x2x2, since 
the latter is quadratic in x 1. 
Lemma 3. The conjecture is valid for d = 2 and 3. 
Proof. This fact is well known [1, 3]. Since A 1 is an odd function (see eq. (9)), it 
follows from Lemma 2 that the most general form of A1 is 
A 1 = a lx  I + a2x  2 (mod 3, d = 2) 
a lx  1 + a2x  2 + a3x  3 + bx lx2x  3 (mod 3, d = 3). (14) 
For d = 3 we have 
A 2 - -b  2 (rood3). 
xi 
However eq. (10) gives 
~A 2= 18=-b2-0  (mod3),  
xi 
and therefore A1 is linear in all variables. [] 
Although A 1 is linear in each single variable, other polynomials Aj with j > 1 
may not be the same. 
Lemma 4. Let 
,4i =--- ajx 2 + b/x, + cj (mod 3), 
where ap bj and cj are functions of (x2, . . . ,  xd). Then 
aj+ 1 ----- (aj + cj)(1 - b 2 -  ajcj) (mod 3). 
(15) 
(16) 
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Proof. We denote 
St= E Ai(xi), 
x i=1,0 ,  --1 
then 
d 
E N(x i )= O= E 3k-lSk • 
Xl k=l  
It follows at once from 
that 
(S 1 -[- 3S2 +' ' "  + 3J-ISj)/3 j = -(St+~ +'"  + 3a-JSa) - -St+ 1 - aj+a 
(mod 3) 
aj+ 1 -~ 1 if Sj = 3, 2 
=0 if Sj= 1, 0 , -1 ,  
: 1 if Sj= -2, -3. 
It is simple to check that eq. (16) satisfies the requirement (19). [] 
(17) 
(18) 
(19) 
According to Lemma 4, the polynomial Aj+ 1 is determined by Aj up to a 
polynomial which is linear in each single variable. 
Theorem 4. The conjecture is valid for d = 4. 
Proof. It follows from Lemma 3 that the most general form of A 1 is 
A 1 =.~ alx 1 + a2x 2 -b a3x 3 q- a4x 4 -.[- blx2XaX4 
-b b2xlx3x 4+ b3xlx2x 4q- b4xax2x 3 (mod 3), (20) 
where we assume a 1 I> a2 ~> a3 >i a4/> 0 and bi >~ bi+l if ai = ai+l since two magic 
hypercubes related by rotation and/or reflection are equivalent. It follows from 
Lemma 4 that 
Az=-E a;xi + ~ '  b;xjxex,,, + E'xZxi(1--ai)aj 
i 
"k E '  x2x2xk(aiay -- akbm)bm 
"k E'X2XyXkXm[(1 -- ai)b i "b ai(alb ] q- akbk + ambm) 
- bi(b 2 + b~ + b~) + ajbkb m + akbjb~ + ambjbk] 
+ ~'Xi(XjXkXm)2[bjbkb,,, + bi(ajbj + akb k + a,,,b,,, -aibi)] 
(mod 3), 
where E' means summation over indices with different values. We have 
where 
(21) 
E Al(x i )a2(xi )  ~ B + B 2 - E '  aibjbkbm - E aibiajb] ~-- 0 
xi  i , j  
B =b 2+ b 2+ b~+b 2. 
(mod 3), (22) 
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It is simple to check that, unless all bi = 0, eq. (22) and ~,,, A { = 54 have only five 
nonequivalent solutions. (See Table 1.) 
Table I 
al a2 a3 a4 bl b2 b3 b4 
(1) 1 1 1 1 1 0 -1 -1 
(2) 1 1 1 0 1 1 1 0 
(3) 1 1 1 0 1 0 -1 1 
(4) 1 1 0 0 1 1 0 -1  
(5) 1 1 0 0 1 0 1 -1 
It takes only a few minutes for a computer (CDC Cyber 172) to check that 
these solutions do not satisfy the orthogonality conditions mentioned at the 
beginning of this section. The use of computer is not crucial in our proof. With 
patience one can do all calculations by hand within a few days. [] 
Remarks. In principle the procedure described in the proof of Theorem 4 can be 
applied to the general case of d > 4. However in practice it is very complicated. 
For example when d = 5, A1 consists of 15 terms and it is necessary to analyse by 
computer more than 2000 cases instead of 5 for d = 4. 
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